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ABSTRACT

The purpose of this article is to study the split feasibility problem for a countable family of multi-valued ¥ -
demicontractive mappings and total asymptotically strict pseudo-contractive mapping in infinite dimensional Hilbert
spaces. In order to solve the problem, we constructed a modified Ishikawa’s type of algorithm. Under mild conditions, we
established convergence theorem using the sequences of the algorithm. The main results presented in the paper improve
and extend the recent result of Chang et al. [Applied Mathematics and Computation 219(2013) 10416-10424] , J.N.Ezeora
and R.C.Ogbonna[Matematicki Vesnik 70,3(2018),233-242].
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mapping; Pseudocontractive mapping; Strictly pseudocontractive mapping; asymptotically strict pseudocontractive mapping; total
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1.INTRODUCTION

Generally, problems involving nonlinear equations have no known methods to obtain closed form solutions
for them. An iterative algorithm is a procedure used for solving a problem or performing a computation. It is
usually the only way to solve problems involving nonlinear equations by finding an approximate solution to
the given problem. There is no universal iterative algorithm applicable to all kinds of problems involving
nonlinear equations. Several iterative algorithms have been deployed to approximate solutions, assuming
existence. Recently, iterative algorithms have been utilized by researchers to solve split feasibility problems.
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Based on the aforementioned results and some other result in this direction, the need to construct a modified
iterative algorithm for solving split feasibility problem involving nonlinear equations arises.

In this work, H will be used to denote a real Hilbert space and K will denote, a subset of H. A mapping
T:K — K is said to be (x, {u,}.{z, }. @) -total asymptotically strict pseudo contractive, if there exists a
constant & € [0,1) and sequences {u,} = [0.00), {z,} = [0.00) with g, = Oand &, = 0D asn — o2, and a
continuous and strictly increasing function : [0, 22} — [0, 22} with ¢(0) = 0 such that for all
nz=zlxyek,

T — TPyl <l — v 12+ Kllx — y — (TP = TP + upa(llx — v 1) + 2, (D)

Let (X, d} be a metric space and CE{ X} be the family of all closed and bounded subsets of X. Let H' denote
the Hausdorff metric induced by the metric €, then for all 4. B € CE{X),

H(A, B) = max Isupn’{n.B].supd{b.A]} 2)
oA ber
where dia, B): = infyozd(a. b).

Let T: D(T) EH — CE{H) be a multi-valued mapping, a point x € I (T} is called a fixed point of T if
x € Tx. A multi-valued mapping T is said to be L-Lipschitzian if there exists L = 0 such that

HTxTy)=Llx—ylx.yeDT) 3)
In (3), if L € (0.1}, then T is called contraction while T is called nonexpansive if L = 1. T is said to be

(i) quasi-nonexpansive if F(T} = @ and

H(Tx, Ty) <l x—y I.vx € D(T).y € F(T),

(ii) x-strictly pseudocontractive (see e.g., [12,13]} if there exists & € [0.1} such that ¥z, vy € D{T),
HiTeTy)=lx—v IFF+kllx—u—(y—v) 1. vueTx,veTy.

(iii) & - demicontractive if F(T") # @ and for & € [0.1} we have

HiTx—p)=lx—p IF+klx—Tx I°.¥x e D(T)and ¥p € F(T)

Clearly,the following inclusions hold for the above classes of mappings; nonexpansive = quasi -
nonexpansive = w-strictly pseudocontractive = x-demicontractive.

Example 1.1.[15] Let H = R and C = [—1.1]. Define T: £ = C by
2 o fL -
Th= {!xSm (r)._r =0 @
0x=20
Clearly, F(T} = {01, for x € C, we have
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. 2 1y 2 . . .
Tx — 0] = |§x5in (—]| = |§.r| = x| = |x — 0" + x|x —Tx|"vx € [0.1)
x
Thus T is x-demicontractivefor x € [0.1)

T is not ¥ - strictly pseudocontractive, choose x = : andy = 3%’ then
ITx = Ty|* = lx =y +xlx —y — (Tx = Ty)[°

Hence, T is not & - strictly pseudocontractive mapping for & & [0,1)

Example 1.2. ([11]) Let H = R with the usual metric. Define T: H — 2 by

B [-3x.—Z].x € [0.00)

Tx 5)

[-2 -] x e (—m0p

We have that, F(T} = {0} and T is a multivalued demi-contractive mapping which is not quasi-nonexpansive
. For each, x € {—o2,.0) U (0, o2}, we have

ITx —TOF =] —3x— 0] =9x — DJ°
which implies that T is not quasi-nonexpansive.
Also, we have that

using above,
= e (2 = o
| —Tx|" = |x — -5 —?|x—ﬂ|

. . . . 32 ]
Tx ~TO]* =9lx — 0f* = |x— 0> + 8Jx — O] = |x — O + L5 |x — T’

. . . . . az
Therefore, T is a demi-contractive mapping with constant x = -

In 1994,Censor and Elfving [4] introduced, in finite dimensional Hilbert spaces, the split feasibility problem
for modeling inverse problems which arise from phase retrievals and in medical image reconstruction. It is
now known that split feasibility problems can be used in various disciplines, such as image restoration,
computer tomograph and radiation therapy treatment planning (see [2.3,3.6] ).

Let H; and H- be two real Hilbert spaces, K and @ be nonempty closed convex subsets of H; and H-,
respectively. The split feasibility problem is formulated as follows; find a point g € H, such that

g Kand Aq € 0, (6)
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where A:H; — H. is a bounded linear operator. If (6) has solution, it can be shown that x € K solves (6) if
and only if it solves the following fixed point equation:

x=P((I-ya (1-P,)4)x).x ek, %)

where Fiz and F;, are the projections onto £ and @, respectively, ¥ is a positive constant, and A" denotes the

adjoint of A. When K and @ in (6) are the sets of fixed points of two nonlinear mappings, and K and § are
nonempty closed convex subsets of H; and H, respectively, then the split feasibility problem (6) is also
called split common fixed point problem or multiple-set split feasibility problem (see [9, 20]).

Split common fixed point problems for nonlinear mappings in the setting of two Hilbert spaces have been
studied by many authors; (see, for instance, [7, 8, 10, 16, 17, 18]).

In 2013, Chang et.al [9] obtained strong and weak convergence results for multiple set split feasibility
problems for a family of multi-valued mappings and a single valued nonlinear mapping in Hilbert spaces.

Recently, Ezeora and Ogbonna [14] study and obtained strong and weak convergence results for multiple set
split feasibility problems of a countable family of multi-valued #-strictly pseudo-contractive mapping and
total asymptotically strict pseudo-contractive mapping in infinite dimensional Hilbert spaces.

Motivated by the results of Chang et. al,Ezeora and Ogbonna, we introduce and study multiple-set split

feasibility problem for a countable family of multi-valued & - demicontractive mapping and total
asymptotically strict pseudo-contractive mapping in infinite dimensional Hilbert spaces.

2. PRELIMINARIES
In the sequel, we shall denote by — and —=, the weak and strong convergence of a sequence Lx ,J, respectively.

Definition 2.1. A multi-valued mapping T: D(T) € H, = CE(H ] is said to be demi-closed at origin if for any
sequence {x,} © H, with x, = g and d(x, Tx,) = 0, we have g € Tg.

Definition 2.2. A normed linear space, X is said to satisfy opial's condition if, for any sequence, {x,} such that
I, = p, we have

liminfllx, — pll < liminfllx, — gllvg € X withg = p
M=o =t

A multi-valued mapping T: D(T) € H, — CB(H ] is said to be hemi-compact if, for any sequence {x,}in H,
such that d(x,, Tx,) — 0 as n — o0, there exists a subsequence {xﬂt} of {x,,} such that Xp, > qEH

Definition 2.3. Let {x,,} be a sequence in H. A point x~ € H is called a weak cluster point of the sequence

{.rﬂ} if there exists a subsequence {xﬂj} of {.rﬂ} such that Xy, = x",asj — oo,

Lemma 2.4. (see [11]) Let K be a nonempty set of real Hilbert space H and let T: K = CE{K ) be a
multivalued & - demi-contractive mapping. Assume that for every # € F(T). Tp = {p}. Then, there exists
L = 0 such that
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H(Tx.Tp) <Ll x—pllvxeK.peF(T)

Lemma 2.5. (see [9] Lemma 2.3) Let T: H — H be a uniformly L-Lipschitzian continuous and
(k. {un} {en k. @) total asymptotically strict pseudo contractive mapping, then T is demi-closed at the origin.

Lemma 2.6. (see [12]) Let {x;}%2, © Hand @; € (0,1),i = 1.2, ... such that Tz, er; = L If L2, s
bounded, then

IZZ; e ll” = Ty allx ™ — Zﬁ':]_[:j”f”j”-rf X I"

Lemma 2.7. (see [19]) Let {a,}.{b,} and {5,} be sequences of nonnegative real numbers satisfying
Opey = 1+ 6 )a, +b,¥n= 1L Y2, 5, < and ¥2, b, < @, then the lim,,_._ a, exists.

3. MAIN RESULT
For solving the multiple-set split feasibility problem, we assume that the following conditions are satisfied:

(1) H, and H- are two real Hilbert spaces, A:H; = H. is a bounded linear operator and A™:H- = H| is the
adjoint of 4.

(2)T;:H; = H,.,i = 1.2, ... is a countable family of multi-valued x; — demicontractive mappings and for each
i = 1L.{I — T;) is demi-closed at the origin.

(3) T:H, — H. is a uniformly L-Lipschitzian continuous and (k. {z,}. {,}. @) - total asymptotically strict
pseudo-contractive mapping satisfying the following conditions:

() Eizilln < 0 ¥l 8y < 00

(ii) there exist constants M = 0,M* = 0 such that ¢(1) = M*A*.¥1 =M :

(4) K:=n7=, F(T;) # Gand Q: = F(T) = 0.

(5) Foreach q € K. T;q = {g}foreachi = 1.

The set of solution of the multiple set split feasibility problem will be denoted by
Fie, F={xeKAxeQ}=KnA-YQ).

Theorem 3.1. Let H, . H, A A" T T K. Q.x. {u, 1. {e, }, @ and L satisfy conditions (1)-(5) above. Let {x,} be
the sequence generated by

x; € H, chosen arbitrary
Hppp = Ogplpy + E|?==J. BinWinWin E Tfj"r! (8)

yp = x4+ BAT" —DAx, vn = 1

where {n',- ﬂ} = (k1) with k = sup;., &; € [0,1) and F = 0 satisfy the following conditions:
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(a) ¥iigein =1, foreachn = 1, (b) foreach i = 1, liminf,_ ey e, =0,

1-k
@8 e (0.5)
If F is nonempty, then
(A) both {x,}and {3} converge weakly to some point g € F.

(B) In addition, if there exists some positive integer m such that T, € {T'.-}.-’; 1 1s hemi-compact, then both {xﬂ}
and {3, } converge strongly to g € F.

Proof. We observe that by condition (3)(ii), and the fact that ¢ is a continuous and strictly increasing
function, there exist constants M = 0, M™ = 0 such that

() < (M) + M A% v = 0. )
To establish conclusion [4], we divide the proof into six steps.
Step 1

We prove that all the sequences [x. 10y} and {w,- ﬂ} are bounded. and for each g € F, we also show that
limy_ . llr, — gll =lim,__ly, — gll.

For any given g € F, we have g € K and 4q € @: = F(T).

By the assumption that for each i = 1, T; is a multi-valued & - demicontractive mapping, therefore the fixed
point set F(T:) is closed, and so is K:=N7Z, F(T;).

From equation 3.1, condition (5) and using Lemma 2.6, we have that foreachn = 1 and g € F,
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Iy, — gl = I:"'[:'_rjli.'?’n - E]‘] + Z I:*'l'_r1||(1"""|'_r1 - '?}” (10}
i=1

= |'-'*'[:'_n"l:yn - q]"- + z |'-'*'l'_rllh'"l"l'_n - '?Il- - Z G'|'_r1"-'*'[:'_r1||yr1 _Wl'_n"-
i=1 i=1

_ Z i I — I

Li=Lizj

= ﬂn_n"{}’n - E}]"- + z |:*'l'_nlh"l’f_n - "-]‘Il_ - Z n'f_nﬂn_n"}’n _Wf_n"-

i=L i=1

= ”D_nll{:ﬁ] - E]‘]"- + Z ﬂl'_r]D[?:'.Yr] - Tl"?:]: - Z |:*'l'_rj':"'[:l_nIl_'l’r] _Wl'_nll-

=1 i=1

= |'-'*'[:'_n"l:yn - q] I +z n'l'_n[")’n - t]": + kll}’n - Tl'}’n Il:) - Z ﬂ'|'_r1ﬂ'[:'_r1||3"r1 - 1"'l"l'_nll-
i=1 i=1
= |'--*'[:'_n"l::}?n - I?:] I +z ﬂl’_n{"}?n - "-]‘Il! + |l'-i'll_'l’n - 1"""'l'_nll-} - Z I:*'l'_n':*'[:l_n"_'}rn _Wf_n"-
=L =1
= 2 I:"'l'_n"_'?’rl —ql” - Z I:"'l'_nl{':"'[:'_r] - k}ll}’n - Wl’_nll- (11)
=0 i=1
= lly, —qll” - z |:*'l'_nr(':*'l:'_n - k}ll}’n - wf_nll- (12)
=1
=y, —qll” - {1 - I:*'[:'_n:“{':*'[:'_n - k}ll}’n - 1"""l’_r]ll- (13)
=< lw, —gl”
ly,— gll®=lx,—gll*+28{x, —qA(T"—DAx, )+ B4 (T — DAx, I°. (14)
Notice that
BEIAT(T™ — DAx, 1" < B2 1A IR I(T™ — DAx,II". (15)

Since g € K.Ag € F(T). Tis a (k. {u,} {£,}.0) - total asymptotically strict pseudo contractive mapping, we
have
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(x,—q A" (T" = DAx,} ={Alx,—gh(T" - Ax,}
={Alx, —g) + T" —DAx, — (T" — NAx,.(T" — DAx,)
={(T"Ax, — Ag). (T" — DAx ) — I(T" — DAx, I’

1 - - . .
=5{||r“,4xﬂ — Agl® + I(T™ — DAz, I" — IAx, — Agll® — I(T™ — DAx,I"}
1 - .
=2 {lAx, — Aql® + =l (T™ — DAx, I + pop(lAx, — Agl) +2,}

1 . ] .
+5{||{r“ — DAz, I° = lAx, — Agl*} = I(T™ = DAx,II°
w—1

2

k_l i Ill.rlﬂ N - - 1
=—— NI —DAx I+ 5 {M° WA lxy — gl + 9 (M)} +52,(by 9).  (16)

- 1
IT™ — DAx, 0™ + ;{un:p'illﬂxﬂ —Agll) +£,}

Using inequalities (15) and (16) in equation (14) , we obtain
lyn — gl® < (1 + Bun M 1A lx, — gl* — B —k— B 1A T — DAx, I +

Blunp(M) + &5} (17)
By condition (c), {1 —k — 8 I A I°) = 0, therefore we have

Iy — gll” = (1 + BunM* 1 A1) x, — gl + Blun@ () + £, (18)
substituting inequality (18) into equation (10) , we have

Opyy = 1+ 'sr!]ﬂr! + by, (19)

where a, = llx,— qll*. 6, = Bu,M* 1| A I° and by, = Blu,@(M) + £,). Applying condition (3) (i), we get
that ¥z 8y < @@ and ¥no; by < @, So, from Lemma 2.7, we get lim,,_ .. ll, — gll exists. From equation
(10) and inequality(18), we know that lim, . lly, — gll exists. Also,
lim,_.llx, —gll =lim,__lly, — gll¥g € F. Hence, {x,} and {y,,} are bounded. Furthermore, Since for each

i, T; is a multi-valued &; - demicontractive, we have from Lemma 2.4 that

14+4E

1-+F

lwin =gl = (FrTy. @) ) = ==y, —gll =LL, =M, (20)

So, from (20), we get that {w,- ﬂ} is also bounded.

Step 2

Now we prove that for any i = 1, the following conditions hold:

lim d{y,. T;%,) = 0, and im IT"Ax, — Ax, ]l = 0. 1)
M=o M=o

For any g € F, it follows from (),(18( and Lemma 2.6, that for any n = 1 we have
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‘H"Z I:"'lnll_'?’n 1"'Llnll _Z I:“'l'_n':*'[:'_n":'r’rl _Wl'_n"- (22)

i=1

So,
Bl —k —B 1 AIPDIT" - DAx,IF - kz ainllyy — winl’
i=1

+Z I:"'l'_rJ':"'[:'_rlll.'?’n _Wl'_n": (23)
=L

=0 +8, My, —qll +5,—lx,., —gll = 0asn — o

BU —k =B I AT — DAz, + (1 — agy ) (agn — kv —win
=1 +8 Mxp,—gll + 85, —llx,., —gll = 0asn =

By conditions (b) and (c), and conclusion (23), we have

lim [(T" - DAx,| =0
n—=

24
Tl —wial = v € T -
Hence, we have
= | ,:: H —_ T =
lim d(y,, Tiyn) < lim (3 —win )l = 0 (25)

Step 3
We prove that lim,_ . lx,., —x, 0l =0,
From conclusion(25), we know that llw; , — ¥l = 0 and ly,, — x, I = BIA° (T" = DAx |l = 0.n = o0,

Using convexity of II-II*, we have from (&)

.
lenﬂ. - xn"

I5"[:'_r1|‘r-.1fr1 - xrl::I + Z IR'|'_r1{1"'l’1|'_r1 - xn}

tp, BIAT(T" — DAx ]+z i (Wip — )

[

g llB A" (T" — DAz I +z tin (Wi — vl 4 ly — 2,107, (26)

Hence from( 26), we have
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ym ”-rr!+1._-rr!"= 0. 27
Step 4
We prove that lim,__ ITAx,, — Ax, | = 0.

Since T is uniformly L - Lipschitzian continuous, (24) and (27) above hold, we obtain

ITAx, — Axpll < ITAx, — T™ Ax Il + IT™ Ax, — T™ Ax,, I+ 1T Ax,, , — Axp, |+ NAx,, , — Azl
S LlAx, — T Ax I+ @+ D0 AN Ixp,, —x I+ 17" Ax,,, — Ax,,, | = Oasn — oo (28)

Step 5

We prove that every weak-cluster point of the sequence {x,} and {y,}q € F.
Since {¥,} is bounded and H, is reflexive, there exists a subsequence {)-‘HE} < {y,} such that Yo, —~qEH,.
Hence from step (2, limy ... n’{j-'ﬂn.!",-j-‘ﬂn} =10,

Using the fact that (I — T; ) is demi- closed at the origin, we get that g € F(T;). Since i = 1 is arbitrary, we
have g € K: =nZ, F(T;). On the other hand, it follows from (8) and (24) that

Xp, = ¥n, — BAYT™ — DAx, —q. (29)

Since A is a bounded linear operator, we obtain from 3.22 that Ax,, — Aqg. Notice that by step (4), we have
limg . |TAx,, —4x, =0

and by Lemma 2.5, I — T is demi-closed at origin and so, Ag € F{T} = Q. Hence, g € F.
Step 6

We prove that x,, = q and ¥, — g.

Suppose that there exists some subsequence {xﬂt} of {x,,} such that x n, = Pwithp # q.

Using similar arguments as the ones above, we can prove that p € F. Hence from the conclusions of step 1
and the Opial's property of Hilbert space, we have
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liminfllx,, —qll  <liminflx,, -l
= lim Iz, — pll
= lim "-rr!,- - P"
ks T 30
< liminflx,, — ql G0
= rEl_.ﬂl lx, — gl

=liminflx,, - ql.
H—== .

This is a contradiction. Therefore, x, — g. By using (8), we have ¥, = x,, + SA'(T™ — IJAx, — gq. This
completes the proof of conclusion (A). Next, we prove conclusion (B).

Without loss of generality, we may assume that T; is hemi-compact. From step (2), we have that
d{J’n' J"J..'J"i'!] —=Dasn — oo,

Therefore, there exists a subsequence of {jfﬂn} = {J-‘ﬂ} such that ¥, =t € H,. Since ¥n, — g, wehaveq =1t
and so ¥, — § € F. By virtue of conclusions of step 1, we have

lim lx, — gll = lim ly, — gll = 0.
That is, {3, } and {x,} both converge strongly to the point g € F. This completes the proof.
Lemma 3.1. Let H be a real Hilbert space. There hold the following identity
ltx+ (1=t F=tlxlF+ (1 - lylF=tl-)lx—yIF vte[0.1].x,y € H. 31)

Remark 3.1. 1f {T; } is a family of single-valued strictly demicontractive self mappings of H, then Theorem
3.1 still holds. In fact we have the following result.

Theorem 3.2. Let H; and H- be two real Hilbert spaces and {L}=:H, = H,bea family of single-valued
strictly demicontractive mappings, and for each i = 1,1 — T; is demi-closed at 0. Let

H, H.. A .A".T.K.Q.x.{u,}, {z,}. ¢, and L satisfy same conditions as in Theorem 3.1 and {x,} be the
sequence generated by

x, € H, chosen arbitrary
Xni1 = Gpn¥e+ LTy @inTivn (32)
Vo =xp+ BAT" —DAx, vn = 1

If F # @, then the conclusions of Theorem 3.1 still hold.

Proof. Using Lemma 3.1, one can easily get that {,rﬂ}. {j-‘ﬂ} and {T,-j-‘n} are all bounded. The rest of the proof
follow as in the proof of Theorem 3.1.
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4. APPLICATION

Let H be a real Hilbert space, {T; }: H = H be a countable family of nonexpansive mapping with F: =

Nz, F(T;) = ©; and T: H — H be a nonexpansive mapping. The hierarchical variational inequality problem
for family countable of nonexpansive mapping {T;} with respect to the nonexpansive mapping T is to find an
x" € F such that

(x* —Tx".x"—x)=0v¥xeF. (33)
It is known that (33) is equivalent to the following fixed point problem:
find x* € Fsuchthatx™ = P (Tx*), (34)
where Pr is the metric projection from H onto F. Letting K = F and @ = F{Pz) (the fixed point set of Pz )

and A = I (the identity mapping on H ), then problem (34) is equivalent to the following multi-set split
feasibility problem:

find x* € K such that 4x” € §. (35)
Theorem 4.2. Let H.{T; }, KandQ be the same as above. Let {x,}.{y,} be the sequence defined by

x, € H, chosen arbitrary
Xpar = Ggnln + Einy @iV, (36)
Vo =x + BT —Ixy, ¥n = L

where {ar,} © (0.1) and § = 0 satisfy the following conditions:
(i) liminf,__ e, (1 — e, ) = 0
(i) 8 € (0,1).

If K N @ = 0, then {x,} converges weakly to a solution of the hierarchical variational inequality problem
(33). In addition, if the mapping & is semi-compact, then both {x,} and {3, converge strongly to a solution
of the hierarchical variational inequality problem (33).

Proof. Since for each i = 1, F(T;) # © is nonexpansive, it is quasi-nonexpansive. Every quasi-nonexpansive
mapping is strictly pseudo-contractive mapping and every strictly pseudo-contractive mapping is demi-
contractive. Furthermore, since T is nonexpansive, it is uniformly L-Lipschitzan continuous and

(x, {u, Lz, b ) -total asymptotically strict pseudocontractive with L = L u, = 0g, = 0, and ¢ = 0.
Therefore, all conditions of Theorem 3.1 are satisfied. Hence, the conclusions of Theorem 4.2 follow from
Theorem 3.1.

Remark 4.1. A look at the proof of Theorem 3.1 shows that the proof carries over to the case of multi valued
quasi nonexpansive maps and k-strictly pseudo-contractive maps. Consequently, Theorem 3.1 is an
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improvement and extension of Theorem 3.1 of Chang et al [9], Theorem 3.1 of Ezeora and Ogbonna [14] and
other important results in this direction of research.
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